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In an Orthogonal Frequency Division Multiplexing
(OFDM) system, the entire bandwidth is divided into
many orthogonal subcarriers, where information symbols
are transmitted in parallel with long symbol duration in
order to deal with frequency-selective fading of wireless
environments. The overlapping spectrum of the subcarriers
in an OFDM system requires an accurate frequency
recovering system. However, in a time variant mobile radio
environment, the relative movement between transmitter
and receiver results in frequency offset due to Doppler 
frequency shifts, hence the carriers cannot be perfectly
synchronised. This imperfection destroys orthogonality
among subcarriers and causes intercarrier interference
(ICI) to occur in addition to rotation and attenuation.
Several methods have been proposed to reduce the
effect of the ICI. One of the methods is frequency-
domain equalisation (Ahn & Lee 1993). Time-domain
windowing is another way to reduce the effect of 
frequency offset (Li & Stette 1995). A self-ICI-
cancellation approach has also been proposed which
transmits each symbol over a pair of adjacent or 
non-adjacent subcarriers with a certain phase shift 
(Zhao & Haggman 2001, Sathananthan et al. 2000, 
Fu et al. 2002). This method can suppress the ICI 
significantly but with a reduction in bandwidth 
efficiency. In single-carrier systems, partial response 
signaling has been studied to reduce the sensitivity to
time offset, without sacrificing bandwidth (Kabal &
Pasupathy 1975). In the frequency domain, partial
response with correlative coding has been used to 
mitigate the ICI caused by carrier frequency offset (Zhao
& Haggman 1998). Partial response signaling (PRS) was
also considered to suppress the ICI caused by phase noise
without decreasing bandwidth efficiency (Kim & Kim
2005). The optimum weights for PRS that minimised ICI
power have been derived (Zhuang & Li 2003). The
deployment of integer PRS can lead to less cost and 
complexity of the hardware implementation (Brown &
Vranesic 2005). In this paper, we have studied the partial
response signaling of the OFDM (PRS-OFDM) system
with integer polynomial coefficients.
OFDM System with Frequency Offset Occurrence
In an OFDM system with N subcarriers, if a unit signal 
is modulated onto the kth subcarrier and zero on the rest 
of subcarriers, the signals received from all of the 
subcarriers are defined as the subcarrier frequency offset
(SFO) response for the kth subcarrier (Zhao & Haggman
2001). Considering only a single path from the transmitter
to the receiver, the signal on the kth subcarrier influences
the other subcarriers which are recognised as intercarrier
interference (ICI) for lÞk which is represented by Zhao
and Haggman (2001) as:
(1)
Equation 1 denotes the ICI effect of the l th subcarrier
on the kth subcarrier with the occurrence of the normalised
carrier frequency offset at the receiver denoted as «. Some
indoor environments can be modelled with this design,
because of the negligible channel time delays. If « is zero
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in Equation 1, it means that no frequency offset exists,
hence resulting in no ICI amongst the subcarriers of the
OFDM signal.
Consider OFDM system with N subcarriers and M
OFDM frames, the demodulated OFDM symbols could be
formulated as:
Y 5 GX 1 W (2)
where X is the N 3 M input data. Each frame consists of 
N input symbols, and W is the white noise. Ideally, when
the transmission channel is fixed, G is an N 3 N identity
matrix. However, with the presence of frequency offset,
the matrix has non-trivial off-diagonal elements. In this
paper, we have assumed that all subcarriers under the
influence of the same carrier frequency are offset with «.
Therefore, the demodulated symbol at the kth subcarrier
can be written as:
(3)
The first part in Equation 3 consists of desired 
signals, while the second part is the unwanted ICI 
components.
Partial Response Signaling (PRS) OFDM System
In this study, we have considered the PRS-OFDM 
system. The baseband model of PRS-OFDM is shown in
Figure 1. At the transmitter, the modulated symbol, X(k)
was encoded by the PRS encoder. If X(k) were the symbols
to be transmitted and c(i) the coefficients for partial
response polynomial, the transmitted signal at the kth
subcarrier can be expressed as: 
(4)
where K is the number of coefficients or length of the 
PRS polynomial. In this study, BPSK symbols were 
evaluated, where X(k) consisted of {1, –1}. Without loss of
generality, E|X(k)|2 = 1 and E[X (k) X*( j) ] = 0 for kÞ j is
assumed.
Using N subcarriers, the transmitted OFDM signal in
time domain:
(5)
where fk = f0 + kDf is the frequency of the kth subcarrier,
f0 is the fundamental subcarrier frequency, Df = 1/Ts is the
OFDM subcarrier spacing, and Ts is the symbol duration.
The coded signals can be recovered by a maximum-
likelihood (ML) sequence detector at the receiver.
At the receiver, by performing FFT on the received
signal, the demodulated signal can be written as…
(6)
For the purpose of analysis, the additive white 
Gaussian noise (AWGN) is not taken into account 
in the following derivations. Therefore, by considering
Equations 3 and 4, Equation 6 can be written as:
20
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N21
l50
lÞk
Y(k) 5 3(k)G (0)1 X(l )G (l 2k)S
K21
i50
S (k) 5 c (i)X(k2i)S
N21
k50
y (t) 5 S (k) e j2pifkt, 0 ≤ t < TsS
N21
m50
Y (k) 5 y (t) e 2j2pifmt, 0 ≤ t < TsS ∼
Binary
data
Binary
data out
Modulator
Detector
Channel
PRS IFFT
FFT
X(k) S(k) y(t)
y(t)Y(k)
Figure 1. Baseband model of the PRS-OFDM system.
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(7)
for k = 0, …, N-1. The ICI power of PRS-OFDM system can be expressed as: 
(8)
By applying Equation 4 to 8, the ICI power of K length PRS-OFDM system where k = 0 also can be written as:
(9)
Assuming K = 2 the ICI power shown in Equation 9 can be derived as:
(10)
The equation above can be elaborated as:
(11)
where p and l are indexes for subcarriers and each has a value from 1 to N-1.  The above equation can be expanded as:
(12)
In this work, we have assumed that E [X 2 (k) ] = 1 and E [X (k) X ( j)] = 0 for kÞ j. Therefore, by taking considerations
of all the possible cases of the position of p when k = 0, we can have the different possibilities. If  p = l and by considering
the respective position of p, Equation 12 can be written as:
(13)
Next we consider the case when p = l ± 1. By contemplating the position of p at l +1, Equation 12 becomes:
which can be simplified as:
N21
l50
lÞk
S (l )G (l 2k)S
N21
m50
Y (k) 5 S (l )G (l2k )S
5 S (k )G (0)1
5 C (k )1I (k)
N21
l50
lÞk
S (l )G (l 2k) 
2
SPICI 5 E ( I (k) 2) 5 E 
N21
l51
c (i ) X (l 2i)G (l) 
2
S
K21
i50
SPICI 5 E 
[c (0) X (l ) 1c (1) X (l 21)]G (l)
2N21
l51
SP 2ICI 5 E 
[c (0) X (l ) 1 c (1) X (l 21)] [c (0) X ( p) 1 c (1) X ( p21)]G (l)G*( p)
N21
l51
S
N21
p51
SP 2ICI 5 E 
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l51
S
N21
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SP 2ICI 5 E G (l)G*( p)
[c (0)2 X (l )21 2c (0)c (1) X (l 21) 1c (1)2 X (l 21)2]G (l) 2
[c (0)2X (l )21c (1)2 X (l 21)2]G (l) 2
N21
l51
SP 2ICI 5 E 
N21
l51
S5 E 
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c (0)c (1)E[X (l ) X (l )]G (l)G*(l 11)
N21
l51
S
22
ASM Science Journal, Volume 1 (1), 2007
by using one reference point with respect to l, the equation above can be written as:
(14)
whereas when the position of p is at l–1, Equation 12 becomes:
(15)
For K = 2, P2ICI becomes 0 at any other placement or position of p. Hence P
2
ICI becomes:
(16)
Now, consider the case when K = 3, the same procedure is repeated as done on K = 2. The ICI power in Equation 9 can
be written as:
(17)
Besides the ci
2 coefficients at l = p, the existence of other coefficients also depends on the position of subcarrier p, as
shown below:
If p is at l – 1, the coefficients are c (1) c (0) X (l –1) X (p), c (2) c (1) X (l – 2) X (p – 1),
If p is at l1 1, the coefficients are c (1) c (0) X (l ) X (p –1), c (2) c (1) X (l – 1) X (p – 2),
If p is at l – 2, the coefficients are c (0) c (2) X (l –2) X (p),
If p is at l1 2, the coefficients are c (2) c (0) X (l ) X (p – 2),
If p is at l – 3, the coefficients are c (3) c (0) X (l –3) X (p),
And lastly, if p is at l1 3, the coefficients are c (3) c (0) X (l ) X (p –3).
Therefore, for K = 3, P3ICI in Equation 17 becomes:
(18)
Next by considering K = 4, the ICI power, P4ICI can be derived as:
(19)
Again, besides c(i)2 coefficients at l equals to p, the existence of other coefficients depended on the position of 
subcarrier p,
such as, if p is at l –1, the coefficients are c (1)c (0)X (l –1)X (p), c (2)c (1)X (l – 2)X (p –1), c (3)c (2)X (l – 3)X (p – 2).
c (0)c (1)E[X (l ) X (l )]G (l21)G*(l )
N21
l51
S
1c (1)c (0) X (l ) X (l22 ) 1c (1)c (1) X (l 21) X ( l22)
c (0)c (0) X (l ) X ( l2l ) 1c (1)c (0) X (l 21) X ( l21)N21
l52
SE G (l )G*(l21)
N
N21
l51
S5 c (0)c (1)E[X (l21 ) X (l21 )]G (l )G*(l 21)
K
K21
i50
S
N21
l51
S
N21
l51
Sc (i )2G2(l )1 c (1)c (0) [G (l )G*(l21)1G (l21 )G*(l )] E (X 2)
[c (0) X (l ) 1c (1) X (l 21) 1c (2) X (l 22)
[c (0) X ( p ) 1c (1) X ( p 21) 1c (2) X ( p 22)
N21
l51
S
N21
p51
SP3ICI 5 E G (l )G*( p)
N21
l51
S
N21
l
S{c (i )2G2(l )1
c (1)c (0) [G ( l )G*(l 21)1G (l 21 )G (l )]
1c (2)c (1) [G ( l )G*(l 21)1G (l 21 )G (l )]
1c (2)c (0) [G ( l )G*(l 22)1G (l 22 )G (l )]
E (X 2)
1c (2) X (l22 ) 1c (3) X (l 23)
c (0) X (l ) 1c (1) X (l 21)
1c (2) X ( p22 ) 1c (3) X ( p23)
c (0) X ( p) 1c (1) X ( p21)N21
l51
S
N21
p51
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Meanwhile at l+1, the coefficients are, c (1)c (0)X (l )X ( p –1), c (2)c (1)X (l – 1)X (p – 2), c (3)c (2)X (l – 2)X (p – 3)
If p is at l–2, the coefficients are c (2)c (0)X (l –2)X ( p), c (3)c (1)X (l – 3)X (p – 1),
If p is at l +2, the coefficients are c (2) c (0) X ( l )X ( p –2), c (3) c (1) X (l – 1) X (p – 3). If p is at l –3, the coefficients are 
c (3)c (0)X (l –3)X ( p ), and lastly, if p = l+3, the coefficient is  c (3)c (0)X (l )X ( p –3).
Therefore, for K = 4, P4ICI becomes:
(20)
By generalising Equation 9 for any value of K, ICI power due to PRS can be expressed as:
(21)
The desired PRS-OFDM signal power was: 
When N>>p« is assumed, the       in Equation 1 can be approximated as   . Therefore at l – k = 0, the
equation above could be derived as:
(22)
Therefore, using Equations 21 and 22, the carrier-to-interference power ratio (CIR) of PRS-OFDM system can be
formulated as the ratio of         given in Equation 23:
(23)
Usually CIR is expressed in dB units. Equation 23 will subsequently be used in order to find the simplified polynomial
coefficients that maximise the CIR for the respective K value.
N21
l51
S
N21
1
S{c (i )2G2(l )}1
c (1)c (0) [G ( l )G*(l 21)1G (l 21 )G (l )]1c (2)c (1) [G ( l )G*(l 21)1G (l 21)G (l )]
1c (3)c (2) [G ( l )G*(l 21)1G (l 21 )G (l )]1c (2)c (0) [G ( l )G*(l 22)1G (l 22)G (l )]
1c (3)c (1) [G ( l )G*(l 22)1G (l 22 )G (l )]1c (3)c (0) [G ( l )G*(l 23)1G (l 23)G (l )]
E (X 2)
N21
l51
c (i)2 G (l ) 2S
K21
i50
SPICI 5
K212k
l51
c (i)c (i 1 k) G ( l )G*(l 2k) 1 G ( l 2k )G*(l )S
K21
i50
S
N21
i5k11
S1
c (i)2 E [X 2]2 K21
i50
SPC 5
sin pi«
pi«
N21
l51
[c (i) X (l 2i)G (0)]2S
K21
i50
SPC 5
sin pi«
N
pi«
N
PC
PICI
CIR 5
N21
l51
c (i)2G 2 (l ) 1S
K21
i50
S
K212k
i50
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N21
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S
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S
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NUMERICAL RESULT
We were concerned in finding the PRS polynomial 
coefficients that would result in maximum CIR in the
OFDM system. By using the CIR in Equation 10, 
appropriate coefficients could be found for each of the
respective polynomial length, K. The CIR is a function 
of PRS polynomial coefficients and the normalised carrier
frequency shift, «.
Exhaustive search methodology was used to find 
the optimum integer coefficients of PRS-OFDM that 
maximises the CIR. Some restrictions were applied in order
to simplify the findings. Given below are restrictions that
were applied in the coefficient identification procedures:
Restriction 1: c0 was set to integer 1;
Restriction 2: The maximum value of ci was set to the
maximum coefficient value used in the polynomial of
the form (1– r)K–1 where K was an integer value and K>0.
Lastly, with the presence of «, the value of CIR for
each combination of ci was calculated. At each length K,
the appropriate polynomial that yielded a maximum 
CIR was identified. Table 1 shows the PRS coefficient
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combination, which gives the maximum CIR for the
respective polynomial length, K when N = 64.
Table 1. The optimum PRS–OFDM polynomial integer 
coefficients for the respective K lengths.
Length, K PRS integer coefficients
2 1, –1
3 1, –2, 1
4 1, –2, 2, –1
5 1, –3, 4, –4, 2
The CIR performance of « from 0.1 to 0.5 are
depicted in Figures 2a–2d. As « increased, the CIR was
reduced. Compared to normal OFDM, the CIR of the
integer PRS-OFDM system was significantly better than
the normal OFDM system. As shown from the figures, 
K = 2 had the lowest range of CIR gain followed by 
K = 3 and K = 4 with maximum CIR gain of 4.1 dB, 
4.7 dB, and 5 dB, respectively. Although K = 5 had the
highest CIR gain, its increment was very small 
compared to the gain when K = 4. Approximately 0.8%
to 0.95% difference was obtained between the two
lengths of K.
ASM Science Journal, Volume 1 (1), 2007
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Figure 2. The CIR performance of integer coefficients for the PRS-OFDM system.
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CONCLUSION
In this paper, the PRS-OFDM system was studied. 
Polynomial coefficients with integer values were used to
reduce the complexity of the receiver. ICI was deliberately
introduced in a controlled manner through the polynomial
functions. The effectiveness of PRS-OFDM system with
integer polynomial coefficients on enhancing CIR was
investigated. Furthermore, the CIR of PRS-OFDM system
was also derived. The integer coefficients of PRS for the
respective polynomial length in single OFDM system 
with maximised CIR were determined through exhaustive
search. Numerical and simulation results showed that 
the longer the polynomial length, K, the higher the CIR.
PRS managed to enhance further the CIR of the OFDM
system by about 3.8 dB to 4.75 dB when the lengths of
polynomial, K was 2, 3, 4, and 5, respectively. This system
could be applied in future broadband systems development
such as the MIMO-OFDM system.
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